We compute the bulk viscosity in holographic models dual to theories with Lifshitz scaling and/or hyperscaling violation, using a generalization of the bulk viscosity formula derived in arXiv:1103.1657 from the null focusing equation. We find that only a class of models with massive vector fields are truly Lifshitz scale invariant, and have a vanishing bulk viscosity. For other holographic models with scalars and/or massless vector fields we find a universal formula in terms of the dynamical exponent and the hyperscaling violation exponent.
I. INTRODUCTION AND SUMMARY
The equation of state of Conformal field theories (CFTs) at finite temperature follows from the tracelessness of the stress-energy tensor ε = dp ,
where ε is the energy density, p is the pressure and d is the number of spatial dimensions.
This linear relation between the energy density and the pressure takes a generalized form in theories with a dynamical exponent z and a hyperscaling violation exponent θ, it reads
Theories with different values of z and θ (including CFTs if z = (d−θ)/d) may coincidentally have the same equation of state. Thus, more information is needed in order to determine whether a theory is truly scale invariant. In the hydrodynamic description of a CFT at finite temperature, the transport coefficients are constrained by the underlying symmetries of the theory [1] . A well known example appears already at the first dissipative order, conformal invariance implies that the trace of the energy-momentum tensor should vanish, which forces the bulk viscosity to be zero ζ = 0.
A natural question is whether there are any constraints on transport coefficients in theories with some scale symmetry (but not conformal symmetry). Such constraints can provide, among other things, a clear-cut way to distinguish between theories with the same equation of state. For Lifshitz theories with a dynamical exponent z invariant under the transformation x i → λx i , t → λ z t, the equation of state follows from the Ward identity for the energy-momentum tensor that we derived at the ideal level in [2, 3] zT µν u µ u ν − P µν T µν = 0 ,
where u µ is the velocity of the fluid u µ u µ = −1. When z = 1 it reduces to the identity in conformal field theories T µ µ = 0. At the first dissipative order, the expression (3) will be nonzero if the bulk viscosity is non-zero, thus signalling a breaking of Lifshitz scale invariance.
So, as for the conformal case, one would reach the conclusion that ζ = 0 for Lishitz theories.
However, in contrast to the conformal case, the Ward identity in Lifshitz theories depends on the velocity. This means, in particular, that the generator of scale transformations (as well as the other symmetry generators) depends on the velocity. Thus, whether (3) holds beyond the ideal order is far from clear. In this paper we will present evidence that the naïve Ward identity is still valid, by computing the bulk viscosity in gravitational models that are holographic duals to theories with Lifshitz scaling.
Holographic models with Lifshitz scaling have attracted much attention in recent years, partly because of their potential application to condensed matter physics [4, 5] (see also [6] for various models of interest to us at zero temperature). Lifshitz solutions to Einstein equations can be obtained when massive vector fields, scalar and massless vector fields together, or a combination of all of them are present. There is also the possibility of using higher form fields to construct Lifshitz solutions, but we will not treat those here, except when they are equivalent to one of the previous cases.
For theories with a holographic dual, there is a simple way to compute the bulk viscosity from the null focusing equation at the horizon [7, 8] based on the framework of [9] [10] [11] .
This successfully captures the bulk viscosity for various models, such as the hydrodynamics of non-conformal theories [12] [13] [14] , perturbations of the N = 4 supersymmetric Yang-Mills theory [15] [16] [17] [18] and holographic models of QCD [19, 20] . Here we apply the null focusing equation technique to (mainly) theories with Lifshitz asymptotics.
For models with massive vectors only (including non-dynamical scalars) [21] [22] [23] [24] , we find that the bulk viscosity indeed vanishes
As we will explain in detail in §III, the massive vector field in all these models is dual to a marginal operator in the Lifshitz theory, which is only possible for a fixed mass m 2 = zd.
For all other cases, the Lifshitz scaling symmetry is broken either explicitly in the metric if there is hyperscaling violation, or by other background gauge fields (massive scalars or vectors with m 2 = zd). Interestingly, we find that the ratio between the bulk and shear viscosities in these models takes the universal form
This reminds of the universal value of the shear over entropy density ratio [25] . The formula (5) is valid for both neutral fluids such as [26] [27] [28] [29] [30] [31] [32] [33] [34] and charged fluids such as [35, 36] , although in general the value of the bulk viscosity will depend on the charges. We provide an explicit example that demonstrates this in §V, using [31] . When z = 1 we recover from (5) the value of the bulk viscosity for non-conformal branes [12] , which can be understood via the compactification of a higher dimensional conformal theory [14] 
where c s is speed of sound. Thus, presumably the dependence on θ can be explained in general using the compactification of a higher dimensional theory with broken Lifshitz symmetry. When z > 1, there is an additional contribution that can be written as
At weak coupling, the result (5) is likely to have a different functional dependences on the difference of the speed of sounds.
The outline of the paper is as follows. In §II, we derive the general formula for the bulk viscosity using the horizon focusing equation for models with scalars and vector fields. In §III we study models with massive vector fields. In §IV A and §IV B we study other models of neutral and charged fluids respectively. In §V we study the dependence of the bulk viscosity with the charge in a particular model. We speculate about the implications of our results for the physical properties of quantum critical points in §VI. We provide the relevant Einstein and Maxwell equations in appendix, §A.
II. GENERAL FORMULA FOR THE BULK VISCOSITY
A general class of holographic models are Lifshitz solutions to Einstein gravity coupled to scalars and Abelian vector fields [A, B = (r, µ) = (t,
The bulk action reads
where V jA are massive or massless (for m j = 0) vector fields, F jAB their field strengths, and φ i are the scalar fields. Z i (φ) parametrize the couplings between scalar fields and vector fields. In Lifshitz solutions rotational invariance is not broken, so only the V jr and V jt components of the vector fields can be non-zero.
For (d + 1)-dimensional systems with dynamical exponent z and hyperscaling violation exponent θ, the metric of the gravity dual is
where f (ρ) is the black body factor (f (ρ) = 1 at zero temperature). Although the majority of analytic black hole solutions are written in this form, we find it more useful for our analysis to use 'domain wall' coordinates
We will call this the 'Lifshitz metric' or 'Lifshitz solution' for brevity. The scaling symmetries of the field theory appear as transformation properties of the metric in the gravity dual. They map to the geometric transformations
When the hyperscaling exponent θ is non-zero, the metric changes by an overall rescaling
Finite temperature states are dual to black hole geometries. The metric in these cases takes the same form (10), but f (r) is a now a function of the radial coordinate that vanishes at the horizon f (r H ) = 0 and goes to one at the boundary f (r → ∞) = 1. We should point out that this is not the most general possible form of the metric for a black hole solution. There could be sub-leading corrections to the function A(r) (or alternatively to the metric component g rr ) that depend on the radius of the black hole horizon. For the specific examples we study, the metric is of the form (10) . We comment about other cases in §III.
A. Scalar and vector contributions to bulk viscosity
Here we provide a simple and clear way to obtain bulk viscosity in the gravitational description by generalizing the result of [7] , where the bulk viscosity of a fluid is obtained from the null horizon focusing equation. First, we rewrite the metric as
where u µ is a time-like unit vector, η µν u µ u ν = −1 and P µν = η µν + u µ u ν is the projector in the transverse directions. In addition to the metric, we allow for scalar and vector fields with a non-trivial radial dependence
For massless vectors, we can use a gauge V jr = 0.
The hydrodynamic equations of motion of the fluid in the holographic dual can be obtained by allowing all the fields to depend on the spacetime coordinates and projecting the Einstein equations using the null normal vector ℓ A and evaluating them at the horizon, where
In particular, the projection of the Einstein tensor is proportional to the divergence of the entropy current
where T is the temperature, s the entropy density, and σ µν the shear tensor. This equation receives corrections from the energy-momentum tensor of the matter fields T AB :
where we have used η = s/(4π) and
The projection of the energy-momentum tensor receives two types of contributions, one from the kinetic terms of the scalar fields and the other from the masses of the massive vector fields. To leading order in derivatives,
where ζ is the bulk viscosity. The terms proportional to the kinetic term of the vector fields do not contribute to the bulk viscosity and we will ignore them in the following.
The contribution from the scalar fields was computed in [7] . This is done by converting spacetime derivatives of the scalar into derivatives of entropy and charges
In this expression φ H i are the values of the scalar fields evaluated at the horizon and ρ a are global conserved charges in the dual field theory (equal to the number of massless vector fields that provide independent charges). In the last equality we used the conservation of the entropy current and the charge currents at leading order in derivatives
Using (21) one can show immediately that the scalar contribution to the bulk viscosity ζ s is
We will now derive the contribution to the bulk viscosity from massive vector fields. The equations of motion for the massive vector V jA are
Using the equation of motion of the massive vector field, we can rewrite the vector contribution to B as
The non-vanishing terms at the horizon inside the bracket are
and g Aµ u µ = −e A δ r A at the horizon since e g → 0 there. Then, from the first term we get, up to the overall sign that we can drop,
The first term vanishes exactly because of the antisymmetry of G jµν , while the other two terms vanish at the horizon e g → 0.
From the second term in (26) we get
The first term is higher order in derivatives, and the second vanishes because F jµr ∝ u µ . So we are left to leading order with
where prime denotes a derivative with respect to r. We will write it as
where we have defined
This choice will be clear below. Using again
we obtain the contribution of the massive vector fields to the bulk viscosity
Unlike the scalar case, we use the equation of motion for the massive vector field to derive the result. The middle expression comes from the determinant of the metric, and dA is nothing but log s. We note that all the examples we find in the literature have a special
property that ϕ is a constant, independent of s and ρ a . These two properties have important implications below.
Combining with (23) , the contributions to the bulk viscosity from the scalars φ i and massive gauge fields V j are
III. EXAMPLES WITH UNBROKEN LIFSHITZ SYMMETRY
Models with Lifshitz scaling necessarily involve a background vector field 1 in order to break Lorentz symmetry. The mass squared of the vector field (in units of the curvature radius) is related to the scaling dimension ∆ of the dual operator through the formula
Even if the metric has Lifshitz scaling, for a general value of the mass the scaling symmetry is broken by the background vector field. There is a special case where the scaling symmetry is not broken, this happens when the dual vector operator is marginal, i.e. its scaling dimension
Or, equivalently, when the mass of the vector field in the bulk is
We will show that in this case the bulk viscosity computed holographically indeed vanishes.
This suggests that the Ward identity for the energy-momentum tensor that was derived at the ideal level in [2, 3] continues to hold at first order in the hydrodynamic expansion
For all other cases the Lifshitz scaling symmetry is broken, either explicitly in the metric if there is hyperscaling violation, or by other background gauge fields (massive scalars or vectors with m 2 = zd). We compute the bulk viscosity in different classes of examples and derive some general formulas for each class.
A. Vanishing bulk viscosity
There are only a handful of analytic black hole solutions involving massive vector fields.
In [21] the action is of the form (8) with a single vector field and a scalar. A peculiarity is that the scalar is an auxiliary field, there is no kinetic term for it and therefore it does not contribute to the bulk viscosity. A second class of examples involve a single massive vector.
Analytic solutions were found in [23] (for a spherical horizon) and also in [22] , although in the latter it is only known for the first terms in an expansion in z − 1 = ǫ 2 ≪ 1.
In all these models the metric takes the form (10) (for [22] this is to leading order in z − 1). A convenient combination of tt and rr components of the Einstein equation (A1) is
where V t is the time component of the massive vector field and m 2 = zd its mass. The
where Z(φ) = e −2φ in the model with the auxiliary scalar [21] or Z(φ) = 1 otherwise.
Combining these two equations we obtain
We can use the expression for A(r) in (10) to integrate equation (41) . As a result we find
Note that ϕ is independent of the radial coordinate. Then, the formula for the bulk viscosity (34) becomes
Since
we find that the bulk viscosity is exactly zero in these models
For the model in [22] we actually know this to be true only to leading order O(z − 1), there could be contributions of higher order O((z − 1) 2 ), however in order to compute them one would need to determine the corrections to the vector field, that have not been computed.
From the derivation above it is unclear whether the result of vanishing bulk viscosity
is valid in general solutions with massive vectors. It depends crucially on the form of the metric. In principle the value of the bulk viscosity could change if e A were a more complicated function of the radial coordinate. We show now that this actually does not happen for the numerical solutions found in [23, 24, [37] [38] [39] .
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In order to facilitate the comparison, we start by writing the metric in the notation of [23, 24] :
The translation to domain wall coordinates is straightforward, we can easily identify B = A (B not to be confused with the bulk viscosity expression in the previous section) and
Then,
Close to the boundary, the leading order terms of the metric functions are
Note that the expression is exact for B. On the other hand, close to the horizon ρ = ρ 0 , the solutions take the form
Here a 0 , c 0 and g 0 have to be determined by matching the solution close to the horizon with the asymptotic boundary solution. Then,
If we do the coordinate transformation
This transformation is a Lifshitz rescaling, so the asymptotic form of the metric and the vector field do not change
The solution close to the horizon becomes
Whereâ
Matching the two solutions determines the values ofâ 0 ,ĉ 0 andĝ 0 . Their value is independent of ρ 0 , since the asymptotic metric and vector functions are independent of ρ 0 in the new coordinates. Therefore ϕ in (57) is independent of ρ 0 and the formula for the bulk viscosity becomes (43), which vanishes.
There exists another class of models that involve a massive and a massless vector fields, considered in [40] [41] [42] . In this class the only known solutions have a fixed charge for a given temperature, and thus it is not possible to vary independently the entropy and the charge density. This prevents us from applying the bulk viscosity formula (34).
IV. EXAMPLES WITH BROKEN LIFSHITZ SYMMETRY
We study now general examples where the metric has Lifshitz invariance but the scaling symmetry is broken by other fields, either scalar or vector. Typically they have a running scalar, which introduces hyperscaling violation. For some solutions it is possible to avoid the hyperscaling violation. Nevertheless the Lifshitz scaling symmetry is still broken due to the massless vector fields, which affect to the bulk viscosity through the coupling with the scalar. These properties are manifest in Einstein-Maxwell-Dilaton models [26] [27] [28] [29] [30] [31] [32] [33] [34] . We find that the bulk viscosity is non-zero and has a universal expression in terms of the dynamical and hyperscaling violation exponent for these models.
A. Neutral solutions
We derive the Einstein equations in Appendix §A from the action (8) in the absence of massive vector fields m j = 0. A combination of tt and rr components of the Einstein
One can compute bulk viscosity using only the general structure of this equation in domain wall coordinates.
Lifshitz solutions should include at least a massless vector field to be able to break
Lorentz invariance in the presence of the scalar field. However, for the solutions studied in [26, 28, 31, 33, 34] ( [29, 30] for θ = 0) this does not introduce an additional conserved charge in the dual field theory. The reason is that the boundary metric depends on the electric flux.
Then, if the dual field theory is in a space with fixed geometry, the electric flux in the bulk is not allowed to change and there is no associated thermodynamic variable. This means that in spite of having massless vector fields in the bulk, the dual fluid dynamics is neutral.
Then, from (34),
where we have used s = 1 4 e dA(r H ) and (68). We have split the bulk viscosity in two terms, the contribution from hyperscaling violation, proportional to θ, and a contribution from the Lifshitz scaling proportional to z − 1. The latter seems to have the imprint of hyperscaling violation as can be seen in the denominator. The general form of the result (69) comes from Einstein-Maxwell-Dilaton models of [26, 28, 31, 33] . This result is independent of the details of the potential V (φ) we choose [29, 33] , signifying its universal features within this class of models with asymptotic Lifshitz symmetry.
The result (69) includes the known results of the non-conformal branes [12, 14] as special cases when z = 1. One can explicitly check this as
Where c 2 s is the speed of sound in the non-conformal theory.
B. Charged solutions
There are models with several massless vector fields and a single massless scalar [35, 36] with θ = 0. For N massless vector fields there are N − 1 independent charges Q i , i = 1, · · · , N − 1. The electric flux for the remaining vector field, as in the neutral case, cannot be varied if the boundary metric is fixed. In these models the value of the scalar field at the horizon turns out to be simply φ(r H ) = r α H , where α is a model-dependent exponent. The entropy is s = e dA(r H ) /4. This implies that the variation of φ(r H ) at fixed entropy vanishes.
Then, the derivation of the bulk viscosity follows through in the same way as for the neutral case and we recover (69).
While charge is not an independent thermodynamic variable for a single scalar case [31] , it can be the case for more complicated matter contents such as two scalar fields with massless vector [43] . The authors of [43] provide a bulk viscosity formula for charged hydrodynamics from the compactification of a 2σ-dimensional conformal field theory on a 2σ − d − 1 torus.
The compactified theory is in general charged. For the neutral case the bulk over shear viscosity ratio reduces to the case of non-conformal branes ( (34) 
It would be interesting to see if a similar formula applies for more general backgrounds.
It is worth noting that solutions that interpolate between Anti-deSitter at the boundary and Lifshitz at the horizon are charged even for a single gauge field [29, 34, [44] [45] [46] [47] [48] [49] [50] and therefore we expect that the result for the bulk viscosity changes in view of the result given below in §V. We also note that the bulk viscosity of the IR Lifshitz fixed point (with spatial anisotropy) with AdS 5 asymptotics has been computed previously in [51] , with the result ζ/η = 1/4.
V. RUNNING BULK VISCOSITY
So far we have discussed solutions where the ratio between bulk and shear viscosity is a pure number, even for charged solutions. This makes the solutions [35, 36] quite special, we do not expect this to be true in general.
Here we present an example of a charged solution (with z = 1 and θ = 0) where the bulk over shear viscosity ratio exhibits a non-trivial dependence with the temperature. This happens in the so-called 'γδ = 1 solution', that was found in [26] and studied in detail in [31] . It is not straightforward to transform to the domain wall coordinate, thus we use the original presentation of the solution.
The action in this model is (8) , with a single massless vector field and a scalar. The scalar potential and its coupling to the vector field are parameterized by δ
This action admits a family of charged black hole solutions
where
r ± are two roots of V(r) = 0 and give by
The black brane horizon sits at r = r + and there is curvature singularity at r = r − , beyond which the spacetime does not extend.
Close to the boundary r → ∞, the metric has the asymptotic form
Therefore, dual field theory has dynamical exponent z = 1 and hyperscaling violation expo-
The parameters m and q are integration constants, which determine the gravitational mass and charge of the solution. In terms of these parameters, the temperature of the solution is given by
We expand the temperature for small charges for later use.
Using the expressions for r ± , we can explicitly rewrite the entropy and scalar fields as
where Y = m 2 − c 3 q 2 . Thus,
For the variation with fixed q, we get
For the other contribution, we require ds = 0 which gives dm = − ∂s/∂q ∂s/∂m dq.
q dφ 
Putting all together, the bulk viscosity becomes ζ η = s dφ
In order to see more clearly the effect of the charge on the bulk viscosity, we expand it for small charge q/m ≪ 1 
The leading term corresponds to the bulk viscosity in a neutral solution
We compute the next to leading order correction as a function of temperature using (85) 
The interpretation of this formula is clear: at very high temperatures the properties of the system are determined by the UV physics, whose scaling properties are those of the metric (84), z = 1 and θ = 0. As we lower the temperature, the value of the bulk viscosity 'runs' to a different value. At very low temperatures the charge is close to its critical value
The temperature is in this case, to leading order in ǫ ≪ 1
Then, 
Therefore, at very low temperatures the theory is 'quasi-conformal', the value of the bulk viscosity is much smaller than the shear viscosity. This suggests that the IR theory possesses some kind of scale invariance.
VI. OUTLOOK : BULK VISCOSITY ON QUANTUM CRITICAL FLUID
The solution of the massive vector field contrasts to that of the massless one. We consider only θ = 0.
For θ = 0 without the hyperscaling violation, we see that the massive vector has less divergent behavior at the boundary, and the massive vector provides a marginal deformation that preserve Lifshitz symmetry explained in detail in the main text.
Scalar equation for all the cases has been checked to satisfy.
